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ABSTRACT 

We use the superconformal method to construct a new formulation for pure off-shell 
D — 5, J\f — 2 Poincare supergravity and present its internal gauging. The main difference 
between the traditional formulation and our new formulation is the choice of the Dilaton 
Weyl Multiplct as the background Weyl Multiplet and the choice of a Linear compensating 
Multiplet. Wc do not introduce an external vector multiplet to gauge the theory, but instead 
use the internal vector of the Dilaton Weyl Multiplet. We show that the corresponding on- 
shell theory is Einstein-Maxwell supergravity. We believe that this gauging method can 
be applied in more complicated scenarios such as the inclusion of off-shell higher derivative 
invariants. 
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1 Introduction 



Pure on-shell five dimensional supergravity with eight supercharges was first introduced 
in m, its gauging was investigated in detail in [3l H] and general matter couplings and 
their geometrical aspects were studied in [5l El [7j. To study general matter couplings it is 
useful to work in an off-shell superconformal setting and, eventually, gauge fix the redundant 
conformal symmetries. To this end, the M = 2 superconformal program was initiated in 

The pure on-shell theory consists of the metric, graviphoton and gravitino. We denote an 
off-shell pure theory as a theory with minimal field content on which the super Poincare alge- 
bra closes off-shell and which reduces, upon going on-shell and decoupling the matter fields, 
to the pure on-shell theory. The off-shell nature of the theory implies that, in addition to the 
metric, graviphoton and gravitino, they also contain auxiliary fields. Off-shell formulations 
are constructed most easily by using the method of superconformal tensor calculus. Different 
off-shell formulations can correspond to one physical on-shell theory. They can differ in the 
compensator multiplet used to compensate for the redundant conformal symmetries or in 
the choice of Weyl multiplet. In 5D superconformal tensor calculus there are two possible 
choices for the Weyl multiplet: the Standard Weyl and the Dilaton Weyl Multiplet. These 
multiplets contain the same superconformal gauge fields but differ in their matter sector: a 
scalar D, an antisjTumetric tensor Tab and a symplectic Majorana spinor for the Standard 
Weyl Multiplet and a scalar cr, a vector C^, a 2-form B^^ and a symplectic Majorana spinor 
-0* for the Dilaton Weyl Multiplet. In [1^ a pure off-shell 5D theory with eight supercharges 
is written down using the Standard Weyl Multiplet and a Hypermultiplet compensator, and 
in [12], a Nonlinear Multiplet was used as compensator instead of a Hypermultiplet. In this 
paper we will write down a different off-shell pure theory using the Dilaton Weyl Multiplet 
and a Linear Multiplet compensator. 

Off-shell formulations are of great use when studying higher order curvature extensions of 
the theory. Off-shell formulations for curvature squared invariants have been constructed in 
5 dimensions in [TT1|T3]. Unlike an effective supergravity Lagrangian of a compactified string 
theory which has higher-order correction terms in a' and which is supersymmetric only order 
by order in a', these invariants can be added to a pure off-shell supergravity theory, and they 
are exactly supersymmetric. The invariant constructed in [11] is the supersymmetric com- 
pletion of the Weyl tensor squared and makes use of an external Vector Multiplet manifested 
in the appearance of a mixed gauge-gravitational Chern-Simons (CS) term A A tr(i? A R), 
where A denotes the external vector. It is constructed in the background of the Standard 
Weyl Multiplet. The invariant constructed in [13] is the supersymmetric completion of the 
Riemann tensor squared. It is constructed in the background of the Dilaton Weyl Multiplet 
and is based on a map between the Yang-Mills multiplet and the Dilaton Weyl Multiplet. 
It does not require an external Vector Multiplet, but rather it has a purely gravitational CS 
term C A tr(i? A i?), where C denotes the internal vector of the Dilaton Weyl Multiplet. 

In [8] it was shown that the Dilaton Weyl Multiplet can be obtained by solving the 
equations of motion for a Vector Multiplet coupled to the Standard Weyl Multiplet. In 
this paper our purpose is to exploit this connection between the Weyl multiplets to obtain 
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an off-shell Lagrangian for 5D minimal supergravity in the background of a Dilaton Weyl 
Multiple! in which the U{1) R-symmetry is gauged dynamically by the internal vector C, 
i.e. the vector field C has a kinetic term in the Lagrangian. This forms a basis for a future 
study of the Weyl squared invariant in a Dilaton Weyl background with the external vector 
A replaced by the internal one C. 

The paper is built up as follows. In section [2] we summarize the 5D superconformal cal- 
culus and introduce the Standard Weyl Multiplet as well as two types of matter multiplets: 
the Linear Multiplet and the Vector Multiplet. In section [3] we construct invariant actions 
for the Linear and Vector Multiplet. In section |4] we construct 5D pure off-shell supergravity 
by coupling the Standard Weyl Multiplet to a Linear compensator. This procedure is very 
similar to the one used in 6D in [11]. We then add a superconformal abelian Vector Mul- 
tiplet action to the Linear Multiplet action and compute the field equations for the Vector 
Multiplet components. These equations allow us to solve for the matter fields of the Stan- 
dard Weyl Multiplet (D, Tab x') in terms of the fields of the Vector Multiplelj] (a, C^, ^p') 
plus an additional 2-form {B^y). Using these expressions in the Lagrangian we obtain the 
action for the Linear Multiplet in the background of the Dilaton Weyl Multiplet. Gauge 
fixing the redundant conformal symmetries leads to off-shell Poincare supergravity which 
has apart from the graviton and the gravitino, a vector field, a 2-form gauge field, a dilaton, 
a symplectic Majorana spinor and a number of auxiliary fields. 

In section |5] we develop an off-shell method to gauge the theory. We start with an off- 
shell action consisting of the Linear Multiplet action, the Vector Multiplet action and a 
coupling between the Vector and Linear Multiplet, all in the background of the Standard 
Weyl Multiplet. Then we compute, as in the ungauged case, the field equations for the 
Vector Multiplet components to obtain expressions for the Standard Weyl matter fields. 
We notice that these expressions get deformed by the Vector-Linear coupling. After using 
these expressions in the Lagrangian and gauge fixing the conformal symmetries we obtain 
an off-shell expression for t/(l)-gauged supergravity. After eliminating the auxiliary fields 
and dualizing the 2-form B^y to a vector C^, we show that the resulting theory is Einstein- 
Maxwell supergravity gauged by a linear combination of and C^. This theory agrees 
completely with the one constructed in [3j via the Noether procedure. Finally, we show that 
we can consistently eliminate a, if) and C^. The resulting on-shell theory is minimal gauged 
5D supergravity [3] consisting of the graviton, the graviphoton and the gravitino. 



2 Superconformal Multiplets 

In this section, we will recall the elements of A/" = 2, D = 5 superconformal tensor calculus 



constructed in |8l|9]. In the first subsection 2.1 we introduce the gauge multiplet of the M 



2,D = 5 superconformal group: the Standard Weyl Multiplet. In the last two subsections, 
|2.2 and|2]3, we introduce two types of matter multiplets, the Vector Multiplet and the Linear 



Multiplet. 



""^We suggestively denote the fields of the Vector Multiplet with a, and ?/;'. The Vector Multiplet also 
has an auxiliary Y^^ , but we solve for this auxiliary and use its value in the expressions for D, Tab and x*. 
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2.1 The Standard Weyl Multiplet 

The Af = 2, D = 5 superconformal tensor calculus is based on the superconformal algebraj^ 
F^(4) with the generators 

Pa: -^abi D-i ^iji Qaii S^i , (2.1) 

where a,b,... are Lorentz indice^ a is a spinor index and i = 1,2 is an SU{2) index. 
Here Mab and Pa are the usual Poincare generators, D is the generator for dilatations, Ka 
generates special conformal boosts, Uij is the SU (2) generator and Qai and Sai are the 
supersymmetry and conformal supersymmetry generators respectively. 
For each of the generators above we now introduce the following gauge fields 

/^/^{e/, <^ b„ 0;}, (2.2) 

where fi,^, . . . are world vector indices. Using the structure constants /ab*" of the supercon- 
formal algebra (given e.g. in appendix B of |8]) and the basic rules 

R,/ = 2d^X] + h^uKfBC^, (2.3) 



one can easily write down the linear transformation rules and the linear curvatures R 



of the superconformal gauge fields given in (2.2). The linear transformations given in [8j 



^1/ 



satisfy the F^(4) superalgebra, thus resulting in a gauge theory of F^(4) since we have not 
related the generators Pq, Mab to the diffeomorphisms of spacetime. This problem can be 
solved by imposing the so-called curvature constraints [Hj. These constraints determine the 
gauge fields cj^'^'', 0^ and /^"^ in terms of the independent gauge fields e^", ip^^, bfj,, V^^ and, 
in addition, achieve maximal irreducibility of the superconformal gauge field configuration. 

A simple counting argument shows that the superconformal gauge fields, after imposing 
the conventional constraints, represent 21 -|- 24 off-shell degrees of freedom and therefore 
cannot represent a supersymmetric theory. Additional matter fields T^,^(10), -D(l) and x*(8) 
must be added to the gauge fields in order to obtain an off-shell closed multiplet [8l|9]. This 
multiplet is known as the Standard Weyl Multiplet. 

Starting from the linear transformation rules of the superconformal fields, the linear 
curvatures Rfj,^^ and the matter fields T^^, D, and "we can construct the full nonlinear 
J\f = 2, D = 5 Weyl Multiplet by applying an iterative procedure (described in detail for 6 
dimensions in [ISj). The results are [8j (we only give Q, S and K transformations): 

= {d, + % + \uj,^'^ab)e'-V;^ej + ij-Tj,e^-ij,v\ 
8V;^ = -|ie(>^)+4e(^7^x^■)+ie(^7■T^? + ii^^V^^ 

5Tah = li^abX - ^ieRabiQ) ) 



^The notation F^'(4) refers to a compact form of F{4) with bosonic subalgebra S0{7 — p,p). 

^We use the conventions of OUnj. In particular, the spacetime signature is (— , +, +, +, +) and i^^"i(n)X' = 
tnX'l(n)i^^ with to = ti = —t2 = — ^3 = 1- When SU{2) indices on spinors are omitted, northwest-southeast 
contraction is understood. 
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5x' = le'D~l^^-R'\V)e, + liY'1^Tate'-lir'D'Tate' 
5D = epx - iie7 ■ Tx - ivx , 

% = |ie0/, - 2e7^x + + 2A/r/. , (2.4) 



where 



V,x' = {d,-lb, + luj,'^'^at)x'-V;^x,-li^',D + l^^.R^^{V)^,, 

'Df.Tab = d^Tab - h^Tab - 2ujff^aTb]c " |#M7abX + ^i^^ iJ.Rab{Q) ■ (2.5) 

The relevant modified curvatures are 

i?;,(Q) = 29[^V^t] + ^W[M"'7afeV^t] + ^ImV^^I - 2V[;>.], - 2z7[^0t] + 2^7 ■ ^71;,^:] .(2.6) 



As mentioned before, the dependent fields, which relate the generators P^, Mah to the diffeo- 
morphisms of spacetime, are completely determined by the following curvature constraints 

i?^/(P)=0, 
e'^feP^/^(M)=0, 

1^%.\Q) = Q. (2.7) 

Notice that our choices for the above constraints are not unique, i.e. one can impose different 
constraints by adding further terms to (2.7). However such additional terms only amount 
to redefinitions of the dependent fields defined below. Using the curvature constraints we 
identify 00^°"^, 0^ and in terms of the other gauge fields and matter fields 

^^ab ^ 2e'^['^Vj-e^['^e'']%Ae/ + 2e^['^6'']-i^VVM-i^'7/.r, 
0; = \^l%a\Q)-h^^,l'''KAQ). (2.8) 

J 6 M ^ 48 M ' 

where 7^^^ = R'^p''\M)eb''eua and 7^ = 7^^/. The notation R'{M) and P'(Q) indicates that 
we have omitted the Z^'* dependent term in R{M) and the 0^ dependent term in R{Q). The 
constraints imply through Bianchi identities further relations between the curvatures. The 
Bianchi identities for R{P) imply [8] 

n^u = n,^, ei^'^R.^D) = Ri^,pf{M) , R^,{D) = 0. (2.9) 
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The full commutator of two supersymmetry transformations is 

[SQ{e,),6Q{e2)] = S,,ct{^i:) + SM{Xt) + Ss{V3) + Su{Xi^) + SK{A'ks), (2.10) 
where 6cgct represents a covariant general coordinate transformation!^ The parameters ap- 



pearing in (|2.10|) are 

Xf = -ie27S-T7"ei 
^3 — 1^27 ■ i , 



vi = -|ie2eix' + |ie27cei7V 
A^3 = -le^r^iD + lAr'''e{R,,iAV) 
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lie2 {-5Y''''DtT,d + 9DbT'"') ei 
+62 (7"T,,T,e - 47^T,,T«'^ + l^T^) ei . (2.11) 
For the Q, S commutators we find the following algebra 

Mv),W] = 5^(lier/) + 5M(^ie7"^) + 5c/(-iieV) + '5i.(A3i.), 
[Ss{Vi),Ss{V2)] = SKilm^Vi), (2.12) 

with 

Ak = |e(7-T7a-H7-T)r/. (2.13) 
This concludes our review of the Standard Weyl Multiplet. 

2.2 The Vector Multiplet 

The off-shell abelian D = 5, J\f = 2 Vector Multiplet contains 8-1-8 degrees of freedom and 
consists of the fields 

{C„aX\^'}, (2.14) 
with Weyl weights (0,1,2,3/2) respectively. The bosonic field content consists of a vector 
field C^, a scalar field a and an auxiliary field Y^^ = Y^^^\ that is an SU(2) triplet. The 
fermion field is given by an SU(2) doublet ip^. 

The Q- and ^-transformations of the Vector Multiplet, in the background of the Standard 
Weyl Multiplet, are given by [7j 

6^' = -Ge' -\ipae' + -Te' -Y'^ej + aif , 

5a = \iei). (2.15) 



^The covariant general eoordinate transformations are defined as 5cgct{C) = Sgct{(,) — ^li^^hjj^), where the 
index I runs over all transformations except the general coordinate transformations and the hj^ represent 
the corresponding gauge fields. 
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We have used here the superconformally covariant derivatives 

+ h • Gi^l + I0ar, + Y^'^.j - ^7 • Ti^l - a^;, (2.16) 
and the supercovariant Yang-Mills curvature 

G,_,u = Gf,^ - ^|J[^'y^]^|J + |icr^[/,^/'^] , (2.17) 
where G^^ — 2d[^Cyy The supersymmetry transformation rule for G^^ is given by 

5G^y = -\\(Te%^{Q) - e7[^X>^]V' + ie7[/.7 • ^7i/]V' + "^Vlnui^ ■ (2-18) 
This concludes our discussion on the Vector Multiplet. 

2.3 The Linear Multiplet 

The off-shell D = 5,J\f = 2 Linear Multiplet contains 8-1-8 degrees of freedom and consists 
of the fields 

{U^,E'^,N,cp'}, (2.19) 

with Weyl weights (3,4,4,7/2) respectively. The bosonic fields consist of an SU(2) triplet 
L'-^ = L^*^), a constrained vector Ea and a scalar N. The fermion field is given by an SU(2) 
doublet if'^. The Q and S supersymmetry transformations of the Linear Multiplet in the 
background of the Standard Weyl Multiplet are given by 

5if' = -\ipUh^ - li^^E^e' + \Ne' - 7 • TUh^ + ?,U^r]j , 
5Ea = -|ie7„6PV-2e7V76a-2TO, 

5N = \rpip+lie-fTip + Ai€^x^Lij + lifiip, (2.20) 
where we used the following superconformally covariant derivatives 

-iiV^; + 7-TL^^'V^^,-3L%,, 
V^Ea = (a^-46^)£;„ + a;^„6^^ + |#^7„62^V + 2^/.7Vr6a + 20^7a<^. (2.21) 

Finally, we note that the superconformal algebra closes if the following constraint is satisfied 

VEa = . (2.22) 

The solution for Ea in terms of a 3-form E^j^^p is 

^" = - T2<^'^^'"'^'"^T^-Ep'r>^ (2-23) 



and E^iyp has the following gauge invariance 

SaE^^p = 3dipA,p] . (2.24) 
Also, for the dual 2-form field we have 



A 



V.E^"" = d.E^''' + li^,Y''v+-Mr''yiLij. (2.25) 



This concludes our discussion on the Linear Multiplet. 



3 Actions 



In this section, we will construct the action for a Linear Multiplet and present the action 
for Vector Multiplet coupled to the Standard Weyl Multiplet [7]. Our starting point is a 
density formula for the product of a Vector Multiplet and a Linear Multiplet. This will 
be presented in subsection |3.1 In subsection 3^ we will use this formula, after embedding 
the Linear Multiplet into a Vector Multiplet, to construct the superconformal action for the 
Linear Multiplet. In the last subsection 3.3| we present the action for the Vector Multiplet. 



3.1 Density formula 

We need an expression constructed from the components of the Linear and Vector Multiplet 
that can be used as a superconformal action. In p!0] a density formula is given for the 
product of a Vector Multiplet and a Linear Multiplet 



e ^CvL 



+a(iV + lV^,7> + l#^7'^V^L,,), 



2ra / r- > 4' 

where P^, the pure bosonic part of the supercovariant field i?^, is defined as 



Using (2.23), we can express as 



Using (3.3) and (2.25), one can rewrite Cvl as 



e ^CvL 



+a{N + l^aYv + i#:7"V^L,,) . 



(3.1) 



(3.2) 



(3.3) 



(3.4) 
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3.2 Action for the Linear Multiplet 



We want to use the density formula ( |3.1 ) to construct an action for the Linear Multiplet. 



Hence, we start with embedding the components of the Linear Multiplet {Lij,(p^, Ea, N) 
into the components of the Vector Multiplet (F*-' , C^, a, ■?/'*). Such embeddings are already 
considered in 4 and 6 dimensions [El [151 HH] and here we will follow the same procedure. 



As described in 2.3 the Linear Multiplet consists of a triplet of scalars Lij, a constrained 
vector Ea, a doublet of Majorana spinors and a scalar N. One starts the construction 
of the Vector Multiplet with the identification a = N, where a is the scalar of the Vector 
Multiplet. There is, however, a mismatch between the Weyl weights of these fields. Therefore 
one needs another scalar field to compensate for this mismatch. For this we will use 

= LijV^ . (3.5) 

We can then identify the scalar of the Vector Multiplet as cr = 2L^^N + iipiipjU^ . 
This identification has the correct Weyl weight, and the second term is the supersymmet- 
ric completion that is determined by the S'-invariance of a. Upon applying a sequence of 
supersymmetry transformations, we obtained the following embeddings 

a = 2L-^N + {ifUerms) , 

+ ^L-^T^Lij + AL-^DLij + 2Ef,Lk(iV''Lj)''L-^ + ((/^^-terms) , 
G^u = AV[^{L-'E,]) + 2L~'R^J\V)L,j - 2L-'L[Vi^L'pV,]Lip + ((^^-terms) . (3.6) 

Here, we did not write the fermionic terms proportional to explicitly because in the 
following section we will set cp^ to zero to fix the S'-gauge. 



After plugging the components (3.6) into the density formula (3.1) we end up with a 



superconformal action for the Linear Multiplet 

e-'CL = L-^UjW^U' -U'V^Lk^{D^^Lj)^L^'^L-^-N^L-^-E^E^L-^ 

+ ILT^ + 4DL - lL-''E^''L[df,L''Pd,Lpi + 2E^'^d^{L-^ E, + V^' L,,L~^) 
+iL-'L,,iPiY'pip^ + AL^j^Yx + \iL~^Ni,l^^''^iU, + (yp^-terms) , (3.7) 

where the superconformal d'Alembertian is given by 

-tL,,r"I^aV' - QL'riaX - L,,^'l ■ T^^i + L^J^'r<l>'a ■ (3-8) 

3.3 Action for the Vector Multiplet 

A Vector Multiplet can be embedded into the Linear Multiplet to construct an action using 



the invariant action formula 3.1 The action for the abelian Vector Multiplet up to 4-fermion 
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terms reads [7] 

-Icj'f^D + f T^) + Aa^G^^T^^" - ^,e-'e>'''''''^G,G,,G^x 

-^aipfip - |iV^7 ■ Gip - + ia?/^7 ■ - Sia^V^x 

+ \ai)^Y^(^ti^ + - \-i-Gi) + 2a7-T^ - Sa'^x) 

-|a^;7^^^'>^., + lia'^P^Y'iPiYij , (3.9) 

where 

+ iV^„7^ ■ + i0a7> + 2/> . (3.10) 



4 Ungauged D = 5, Af = 2 Supergravity 

In the previous section we have constructed an action for the Linear Multiplet and presented 
the action for the Vector Multiplet constructed in [7]. A naive attempt to construct the 
Poincare supergravity directly by gauge fixing the Linear or Vector Multiplet action obviously 
fails as the equation of motion for D is inconsistent. In this section we combine both actions 
to obtain a theory in a Dilaton Weyl background [5] which will solve the inconsistency for D. 



In the first subsection |4.1| we combine the Linear Multiplet action and the Vector Multiplet 
action and solve for Standard Weyl matter fields. The resulting theory is the superconformal 

we 



theory with the matter fields of the Dilaton Weyl Multiplet. In the next subsection |4.2 
discuss the procedure to gauge fix the redundant conformal symmetries, and give the pure 
off-shell Poincare Supergravity. The schematic description of how to obtain this theory is 
given in figure [Tj 

4.1 Construction of the Superconformal Action 

Our starting point is the following Lagrangian 

£o = ^L-3£v, (4.1) 



where Cl and Cy are given in (3.7) and (3.9), and the factor of 3 in front of the Vector 



Multiplet action is chosen for later convenience. The equation of motion for the auxiliary 
y*-', and the field equations for a and allow us to express the Standard Weyl matter fields 
Y^^ ,D and in terms of the fields of the Vector Multiplet |8] 

Y'^ = la-^4j'tlj\ (4.2) 
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Figure 1 

The schematic description of how to obtain ofF-shcll Af ~ 2, D ^ 5 Poincare Supergravity 



Standani Weyl Multiplet 




Vector Multipld; 







EOM for Y'^,C^,fT,^?' 



Dilaton We^'l Multiplet 
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6^ = (K-Gauge) 
=(} (S^ Gauge) 
-^4,L(5f7(2)^[/(lM 
L = -1 (D-Gauge) 



Linear MiJtiplet 



Off-Shell Poincare Supergravity 



D 
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Ua-'^^ij^G^" + ( - fTat + 2a-'Gab + \ia~^iJ7ab^]T 
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■^ab 



(4.3) 



(4.4) 



where and D are given up to 3- and 4-fermion terms respectively. The equation of motion 
for imphes a Bianchi identity for an antisymmetric 2-form tensor gauge field B^j^^ 



l^laHbcd] — lG[abGcd] , 



where the 3-form curvature tensor Habc is defined as 

habcdeH""^^ = 8a^Tab - adab - jilplab-ip ■ 



(4.5) 



(4.6) 



This equation allows us to identify Tab in terms of the elements of the Vector Multiplet and 
the supercovariant field strength if^jyp. As a matter of fact, the fields a, C^, B^^ and ip'^ along 
with the gauge fields e^", t/'^, 6^, V^'-^ form an alternative Weyl multiplet: the Dilaton Weyl 



Multiplet. Equations (4.4) and (4.6) present a map between the Standard Weyl Multiplet 



and the Dilaton Weyl Multiplet. 
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The Q, S and K supersymmetry transformations for the fields of the Dilaton Weyl 
Multiplet are given by (up to 3-fermion terms) 



5e/ = 






si^; = 


{d, + \b, + |u;/Sa6)e^ - V;^e^ + i7 




sv;^ = 


-|ie(>J + 4e('7^x'^ + ie^S " + 




= 






SB,, = 






SiP' = 


-\-f ■ Ge' - lifae' + ■ Te' - Y'h 




6a = 






Sb, = 







(4.7) 

where we have underhnec^ Y^^ , T,,, D and to indicate that they are now composite 
fields with the definitions given in (4.6) and (4.4) respectively. The commutator of Q- 
transformations picks up the following modifications 

[S{ei), S{e2)] = ... + Suii){A3 = -^ifxeaei) + SB{-l(r%^,ei - ^C^As) , (4.8) 

where the ellipses refer to the standard commutation rule and 6b is a vector gauge trans- 
formation for the field B,,. From the transformation rule (4.7) for B,,, we identify the 
supercovariant field strength H,,p as 

H,up = 3d[,B,p] + - la^tpif^'ju^p] - |iaV^[^7^p]V' (4.9) 

and the supersymmetry transformation rule for H,j,p is given by 

SHabc = -|cr^e7[a-Rbc](Q) + |ie7[a6^^c]^ + lie-f[ab^pVc]a 

-io"e7[a7 ■ T-fbc]'ip - pllaGbc]1p - \cTf]-fahcij ■ (4.10) 

For H,yp to be gauge invariant B,, should transform under gauge transformations as follows 

5KB,, = 2d^pK^-\AGp,. (4.11) 



Plugging in the expressions for Y''^ and the Standard Weyl matter fields, (4.4) and (4.6), 
into the Lagrangian (4.1), we obtain the following superconformal action 

+iL-'LijiljiY'Pip^ + ^LiIj,Yx+ \iL-^N^lj',Y"^iUj + (<^'-terms) , (4.12) 

where the subscript DW indicates the fact that this Lagrangian is in the background of 
the Dilaton Weyl Multiplet. In the following subsection we will gauge fix the redundant 
conformal symmetries to obtain off-shell pure D = 5, Af = 2 supergravity. 



The expression for Y'^^ in (4.4 1 is bilinear in the fermions and gives rise to S-fermion terms in the 
transformation rule of ip^. However, we did include the term in Sip' because, when we will discuss the gauged 
theory in the next section, the expression for Y'^ gets deformed by a purely bosonic term. 



13 



4.2 Gauge Fixing, Decomposition Rules and the OfF-Shell Poincare 
Action 

The gauge fixing conditions we adopt here are 

Lij = -^5ij, 6^ = 0, ^' = Q. (4.13) 

The first gauge condition breaks the SU{2) symmetry down to f/(l)/j, and fixes the dilatation 
symmetry by the choice L = — 1. The second condition fixes the special conformal symmetry 
whereas the last one fixes the S-supersymmetry. 

In order for these gauge conditions to be invariant under supersymmetry, one needs to add 
compensating conformal boost transformations with parameter 

= -\ie(j)p - lif]ijp + e-fpx (4.14) 

and compensating S-supersymmetry transformations with parameter 

Vk = l{l- Tek + j-,N6,ke' - ^i^^.^e* - iYV,'''i6''''6,ke,>j . (4.15) 
Performing all the steps of gauge fixing, and using the expressions for the dependent gauge 



fields (2.8) into the Lagrangian (4.12), we end up with the following off-shell Lagrangian for 



M = 2, D = 5 Poincare supergravity (up to 4-fermion terms) 

e-'Co,Dw\L=-i = \R-\a-^Gp,G^'' -\a-^Hp,pH^''P -la-^d^ad^a 

+ \a-^,^,i,G^'' - \ia-^^ ■ G^ + ^V^;7a^'^^V^^P,5,^. 



1 ^-2 



-24^ 



+ la-^^piui^pH^^'''' (4.16) 



where the subscript L = —1 is shorthand for the gauge fixing described in (4.13). Notice that 
we have decomposed the field V^-' into its trace and traceless part, i.e. V^^ = V^^ + \5^^Vp 
with V'^^5ij = 0. The 2- and 3-form field strengths are defined as 

Gfj,u = 2d[pC^] , 

Hfj,i,p = Bfj_^p + fCf^Gyp] , (4-17) 

where Bf^^p = 3d[p_B^p-^, and the U{1)r covariant derivative Dp^ipl and full SU{2) covariant 
derivative D'^ip^ are defined as 

Dp^i = (dp + icop'^^b)^: - iVpS^'^uj , 
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The Af = 2 off-shell supergravity that we constructed above by means of superconformal 
tensor calculus has the following field content 

(e/, C„ B,,, ^\ a, E„ N, V„ V^^) (4.19) 

with (10, 32, 4, 6, 8, 1,4, 1, 4, 10) off-shell degrees of freedoms respectively. Therefore our off- 
shell Poincare multiplet has 40 -|- 40 off-shell degrees of freedom. The supersymmetry trans- 
formations, up to 3-fermions, are 

= (5^ + i&M + i<V)e^-V;%- + i7-T7^e^-i7M^\ 
5V';^ = -|ie(>^)+4eHx'Uie(^7-T^^^ + iir/^V^^ + iieV^^^^ 

6Bf,i, = \ah'^[^i)y] + \i(je'^^yi) + C[^(5(e)Cj,], 
5^' = -Gt' -\i$at' + a-i -T/ -Y^^i>j + ar]\ 

6a = \ieil} , 

= -27ie'7a67'K:(.'^,)fc^'' + ie7af,7'^c/+iie7afeiVV;'' 



= -^ie^7VK(^%>^^ + ie7Vi^6^a-ie7aiV^'^ 

+572^^7^ ■ m5., - ^/r<Pi6.j - 2v^^e-x^5,, , (4.20) 



where the parameter 77* is as described in (4.15). 



Note that the t/(l)_R symmetry of the off-shell supergravity is gauged via the auxiliary 
SxV^ = d,X, 6x^i = IS^'X^.j, h^' = IS^'Xi', , (4.21) 



where A is the parameter of the U{1)r symmetry. Also note that the CS term, which is 
characteristic of the Af = 2, D = 5 formulation is hidden inside the term H^^pH^'^'', and it 
becomes manifest in the action in the on-shell formalism due to the dualization of H^^p as 
we shall discuss in the following section. 

Upon going on-shell by solving for the auxiliary fields E"^, iV, Vp and Vp^ we obtain un- 
gauged Maxwell-Einstein supergravity as constructed in [21 [16] . The elimination of auxiliaries 
will be discussed in the next section. 



5 Minimal Gauged Supergravity 

The off-shell theory discussed in subsection |4. 2| has two U{1) symmetries: f/(l)v and f/(l)c- 
The first one is related to the auxiliary gauge field Vp and the second one is related to the 
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vector field of tlie Dilaton Weyl Multiplet C^. Tlie fermions in tlie tlieory transform under 
^7(1)^, thus their covariant derivatives contain V^. This gauging by V^, however, is unde- 
sirable since has no kinetic term. To obtain a dynamical gauging, one may choose to 
eliminate and to promote, in the resulting on-shell theory, the vector field of the Dilaton 
Weyl multiplet to a gauge field by replacing the covariant derivatives of the fermionic 
fields with U{l)c covariant derivatives. Such a covariantization in the Lagrangian breaks 
supersymmetry and hence (/-dependent gauge invariant terms must be added to the La- 
grangian in order to restore supersymmetry [3J. The necessary (/-dependent gauge invariant 
terms can be found by the Noether procedure. However, when considering more complicated 
scenarios, such as the inclusion of terms, the step-by-step Noether procedure is tedious 
and cumbersome. Therefore, we devote this section to an easier procedure to construct the 
internally gauged theory. 



In subsection 5.1 we add to the ungauged off-shell Lagrangian Co (4.1) a vector-linear 



coupling gCvL (3.1), where g is a coupling constant. We show that the expressions for the 



Standard Weyl matter fields, obtained via the field equations of the vector multiplet compo- 



nents, get deformed by (/-dependent terms. In subsection |5.2| we discuss the elimination of 
the auxiliaries V^, V'^^, N, and dualize the 2-form B^^^ to a vector C^. We show that the 
resulting theory describes Einstein-Maxwell supergravity [3J in whi ch a linear combination of 

we show that we can 



5.3 



Cfj, and plays the role of the gauge field. Finally, in subsection 
consistently truncate the matter content that is coupled to supergravity, thereby breaking 
the gauge group down to a single U{1)r, gauged by C^, and obtain the minimal on-shell 
gauged supergravity discussed [3]. 



5.1 The Off-shell Internally Gauged Supergravity 

Our starting point for the construction of the internally gauged supergravity is the following 
Lagrangian 



^0 — '^g^vL 



(5.1) 



where Cl, Ly and Lyi^ are given in (3.7), (3.9) and (3.1). The field equations for y*-',cr, 
and Cy, give rise to the following map between the Standard Weyl Multiplet and the Dilaton 
Weyl Multiplet 
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^ia-Vy - 
icr ^pip- + 
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(5.2) 
(5.3) 



4(T-2" 



nab 



(5.4) 
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G[abGcd] + ^g1^[aEbcd] 



where 



(5.5) 



(5.6) 



The subscript g in the equations (5.2), (5.3) and (5.4) indicates that the expressions for 
Y^^,X^ and D now pick up g dependent terms. Note that the expressions for and Dg are 
given up to 3- and 4-fermion terms respectively. Comparing the above map with the one 
in the ungauged case, (4.4) to (4.6), it is clear that the map gets deformed by the gauging. 
The Bianchi identity (5.5) implies that 



(5.7) 



The above equation for 'H^.^p is clearly not gauge invariant since -E^^p has the gauge invariance 
SAEavn = 3d\pA^p-i. In order to balance that out, needs to have the additional gauge 



invariance 



^aBuu = 25ruA,,i — lAG^i, — IgA 



{5.i 



-1 



Using the above expressions for Y^^ , D, Tab and in the Lagrangian (|5.1|) and imposing 

2cr) 



the gauge fixing conditions (4.13) we obtain the following off-shell Poincare Lagrangian 



\R-\a-^G,,G>'^ -2gCpP^' 



flUp 



-2 



gN{a 



I 1^-2 



-24^ 



1^-2 J. ^,pupaX^^y^^^^^l^-2 



) 

1 



'^pl 

-2 



per 
1 

8 

paX 



up 



■ G^ + ^^lY''''^^PpS^J 



2^2 



,p, + \ia~^ijp^,p^WP 
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where T-L 



pup 



is defined as 

H 



pup 



Bpup + ^C[pGi^p] + ^gE^ 



pup ■ 



(5.9) 



(5.10) 



This Lagrangian is invariant under the transformation rules given in (4.20), where the un- 
derlined fields are now to be evaluated using the deformed expressions, (5.2) to (5.6). 

This theory has af/(l)yxf/(l)(7 gauge group parametrized by A and rj respectively. The 
fermion covariant derivatives are defined in (4.18) and contain Vp. The gauge transformations 
of the relevant fields are given by 



5xVp 



dpX. 



8r,Cp 



M 1 



dpV, 



(5.11) 
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5.2 Einstein-Maxwell Supergravity 

In this subsection, we will eliminate the auxiliaries V^, V^^\ N and P^, present the dualization 
of the 2-form gauge field B^y to a vector field and discuss the resulting on-shell theory. We 
will show that the on-shell theory describes Einstein-Maxwell supergravity as constructed in 

Let us start with the field equations for and V'^^ 

= 2N + g{a-^ + 2a) , (5.12) 
= F;^^' + W • (5-13) 



Using these two field equations in (5.9 ), we obtain the following Lagrangian (up to 4-fermion 
terms) 

e-^C2 = \R + g\2a-^ + a^) - ^a-^d^ad^^a - \a-^G^,G^^ 
-lcr-'n^,,WP + P^P^ + v^P^V^ - 2gC^P^ 

+ ^a-2^^7,^G^^ - l2a-3^7 ■ + ^^;7'^"''€i^p5., 
^^^ga-^^^Y^^,, - ^,ga-^f^^,^ - ^,ga-'^^^^,^ , (5.14) 

where 

P'p# = (9^ + KV)#-|V;5%. (5.15) 

Before proceeding it is useful to dualize the 2-form By^y to a vector C^. We do this by 
adding a Lagrange multiplier term 

C = -\e^-P-^Byypd,Cx. (5.16) 

This Lagrange multiplier introduces another f/(l) symmetry in the theory which we will 
denote lJ{X)c ^i-nd which is parametrized by f]. Since the Bianchi identity d^^B'^^"'^ = is 
now imposed by the field equation for C^, we can treat P^^p as an independent field and 



compute its field equation. Taking both the Lagrangian (5.14) and the Lagrange multiplier 
term into account, the field equation for P^z^p reads 
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or, using (5.10), 



B 



fiup 



U 



(5.1^ 



(5.19) 



From (5.17) we can read of the transformation rule for 

Using ( |5.18p , the Lagrangian now reads (up to 4-fermion terms) 

e-\C2 + C') = \R + g\2a-^ + (7^) + P^P^ + V2P^'V^-la-^d^ad^'a 

-^a-y^r^P^G^p + la-y.^^^G^" - \ia-y^ ■ G^ 

+ ^^ga-mY,l,^,^ - ^i^a-i^V^5., - jA.i^^-4^Y'5^, . 
Let us now consider the field equations for and E^^p 

= e>'^P^%(^P, + ^V,-gC,-\gC, + ^^^l,l^,ri^]5^^^ 
The latter equation implies that 

P, = d,<P-^V, + gG, + \gC,-^^r.^,ri,lj]5^\ 
where is a Stueckelberg scalar that transforms under U{l)v x U{l)c x t/(l)(5 as 



5„ 



j^X- gv- hv- 



V2 



(5.20) 

(5.21) 
(5.22) 

(5.23) 
(5.24) 



We can break the gauge group down to f/(l)^ by fixing the Stueckelberg scalar to a constant 

(5.25) 



6o . If we now use (5.23) in combination with (5.21) we obtain 



V2g{C, 



In \ 

fi I 2^P) 



and find a decomposition law for the f/(l) parameters 

A = V2g{7] + Ifj) . 
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(5.26) 



Using this in the Lagrangian given in (5.20) we find that the on-shell theory is given, up to 
4-fermion terms, by 



EM 



(5.27) 



where 



From (5.11 ) we find that ip'^^ transforms under the remaining gauge symmetry as 

= j.g{r^+lfj)6^^^^. 



(5.2^ 



(5.29) 



The theory given in (5.27) describes Einstein-Maxwell Supergravity constructed in |3]. 
It consists of the fields {e^"',C^,ip^\(7,Cfj_,ip^} accounting for 20 + 20 on-shell degrees of 
freedom. The supersymmetry transformation rules, up to 3-fermion terms, are 



6a 



Sip 



= -\i$at' - ^.r^iG,, - 2a%C,)e' + ^^g{a^ - a-^)5'^ej . (5.30) 

The theory has a f/(l) x f/(l) gauge symmetry parametrized by t] and fj. The gauge transfor- 
mation rules for the gauge vectors and the fermions are given in (5.11 ) and (5.29 ) respectively. 
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5.3 Truncation to Minimal Gauged On-Shell Supergravity 



In this subsection we show that we can consistently truncate the fields (cr, ■?/'*, (7^) to obtain 
on-shell pure gauged D = 5, Af = 2 supergravity [3]. 
Consider the field equation for a 



(5.31) 



and the field equation for 



(5.32) 



-^ga~^-f^,tp!l5'^ + (tp'-terms) , 

both up to 4-fe rmion terms. From these equations and from the transformation rules of cr 
and "0* in (5.30), we observe that one can consistently eliminate the matter fields (a,?/'*, C^) 
by setting a = 1, = and — = d^a, where a is a Stueckelberg scalar. The gauge 
transformation of a is given by 



5ga 



T] — rj . 



(5.33) 



We can break the U{1) x f/(l) gauge symmetry down to U{1) by setting a to a constant 
a = Gq. This implies 



C,, — C, 



p } 



7] = 7] . 



(5.34) 



Performing this truncation in (5.27) we obtain the on-shell Lagrangian for pure gauged 
D = 5, Af = 2 supergravity 



EM\cr=l,ip=0 



+ 3g^ — \G^yG^'^ + |e ^e^'^'"^'^C^GupGa\ 



I] 1 



where we defined 



(5.35) 
(5.36) 



This Lagrangian is invariant under the transformation rules for e^, ^p'^^ and given in (5.30) 
with a = 1, ijj^ = and = C^. 

The Lagrangian (5.35) agrees completely with the result obtained in p]. Another off-shell 
action is obtained in [6], [11] by coupling the Standard Weyl Multiplet to a Hypermultiplet 
compensator. After elimination of the auxiliaries and decoupling of the matter fields, these 
results also agree with ours. 
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6 Conclusions 



In this paper we have constructed the complete (bosonic and fermionic) off-shell action for 
minimal gauged D = 5, Af = 2 Poincare supergravity. We obtained this action by using the 
methods of superconformal tensor calculus. We first constructed the pure (ungauged) theory 
by constructing the superconformal action for a Linear Multiplet in the background of the 



Standard Weyl Multiplet (3.7). This action is trivial unless we add the superconformal action 
of a Vector Multiplet, also in the Standard Weyl background. Eliminating the Standard Weyl 
matter fields via the field equations of the Vector Multiplet components, we arrived at the 
superconformal action for the Linear Multiplet in a Dilaton Weyl background. By fixing the 



redundant symmetries {D, K, S) we obtained the pure off-shell Poincare action (4.16). 

In a next step we used the internal vector of the Dilaton Weyl Multiplet to gauge the 
theory. We started again with the sum of a Linear and Vector Multiplet action, both in a 
Standard Weyl background, and added a superconformal coupling proportional to g between 
the Linear and Vector Multiplets. Eliminating again the Standard Weyl matter fields via the 
field equations of the Vector Multiplet components, we observed that the original expressions 
get deformed by ^f-dependent terms. After fixing the redundant symmetries we obtained the 



off-shell action for minimal gauged D = 5, Af = 2 Poincare supergravity (5.9). After solving 
for the auxiliaries and dualizing the 2-form B^i^ to a vector C^, we showed that the resulting 



theory (5.27) is Einstein-Maxwell supergravity as constructed in [3] via the Noether method. 
We also showed that the field equations and transformation rules allow to truncate a, ip^ 
and Cf^. After truncation we ended up with the action of pure on-shell supergravity [3]. 

It would be interesting to investigate the extension of our result with the Weyl squared 
off-shell invariant Cy[r2 constructed in [TT]. This superconformal invariant is constructed in 
the Standard Weyl background and can be added to our result to yield 

Cl + Cv + gCvL + jfiCw^ , (6. 1) 

with some arbitrary parameter. Computing the field equations for the vector field com- 

ponents we obtain expressions for the Standard Weyl fields that now also get contributions 
proportional to Using these expressions and gauge fixing the redundant symmetries 

we obtain a higher derivative extension of our gauged result. It is interesting to note that the 
CS term C Atr(i? Ai?) now contains the internal vector of the Dilaton Weyl Multiplet. Since 
this resulting theory is in the Dilaton Weyl background it is interesting to study if it is pos- 
sible to further extend this theory by including the Riemann squared invariant constructed 
in [13j. 

Another interesting problem is to study the matter couplings of our new off-shell Poincare 
theory. It is well known that the D = 5, JV = 2 Poincare supergravity coupled to n Vector 
Multiplets goes under a specific geometrical structure, the so called 'very special geometry' [21 
IT7] . In rigid theory, the scalars of the Vector Multiplets stay unconstrained. In supergravity, 
however, the gauge fixing condition for the dilatation invariance restricts the scalars to form 
a very special real manifold. Similarly, when considering the Hypermultiplet couplings of 
the theory, the scalars parametrize a hyper-Kahler manifold for rigid supersymmetry. In 
supergravity, the gauge fixing conditions remove four compensating scalars resulting in a 
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quaternionic Kahler geometry [HI [7j. In our construction, however, the gauge fixing takes 
place via either the elements of the Dilaton Weyl Multiplet or the elements of the Linear 
Multiplet. Hence, it would be interesting to study how the constraint on the scalars of the 
Vector Multiplets or Hypermultiplet arises and to show how our off-shell formulation gives 
rise to the same on-shell theory as constructed in [5], E] . 
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